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Problem 1. Any pointwise bounded set of bounded operators is uniformly bounded. (See Kreyszig p. 249
for more details.) I accept an answer stating this for functionals rather than operators.

Problem 2. As the hint suggests, consider f € Y* with || y|| < 1. Allow me to introduce the notation Y1*
for this subset of Y. Then
(T*H@)I=1f(Tx)<ITxll forxeX,

so the set {T* f: f € Y} is a pointwise bounded set of linear functionals. Since the members of this
set are bounded by assumption, the Uniform boundedness theorem implies that the set is uniformly
bounded. That is, there exists a constant M so that | T* f|| < M forall f € Yl*.

In light of the above equality this means that | f (Tx)| < M| x| forall xe X and f € Yl* But from this
I Tx| = SUp ey | f(Tx)| < M|lxll, so that indeed T is bounded with || T|| < M.

Problem 3. Hélder:f luvldu < |lullplivlly. Infact |ull, = sup Ref uvdpy.
Q llvllg=1 (]

Problem 4. As suggested in the hint, we start out with nonnegative f and u. Then f * u is defined
everywhere, though its value can be infinite at some points. It is not hard to see that when u = 0, the
norm equality in problem 3 is still true where we take the supremum only over v = 0. So we consider
any ve L9 with v=0:

fR(f*u)(x)v(x)dx=££f(t)u(x—t)v(x)dtdx=fRf(t)fRu(x—t)v(x)dxdts||f||1||u||p||v||q
[N —

<lullplvlg

where I have used the fact that the translated function x — u(x — t) belongs to L with the same norm
as u itself, and applied Hélder to the inner integral. Thus

If*ulp= sup R(f* W vx)dx <[ fllullp.
|

llug=1]
In general, when f and u are not necessarily nonnegative, note that the above gives us ||| f| * |ulll, <

I fl1llullp. In particular, | f| * |u| < co almost everywhere. And at any such point, the integral defining
[ * uconverges, and |f * ul < |f]*ul. So | f * ullp < I f1*ulll < | fl1 1wl p.

Problem 5. From the introductory comments to the problem we conclude that the almost periodic
sequences form a closed subspace A of £*°.

Moreover e ¢ A. This requires proof: If x is periodic with period p, then in particular xp41 = x1.
Since either |x;| = % or |x; — 1| = %, it follows from a look at the first and p + 1st components that
lx—ell = % This inequality proves our claim.

The existence of a bounded linear functional f with || f|| = 1, which vanishes on A and satisfies
fle) = %, is now a well known consequence of the Hahn-Banach theorem. (See Kreyszig Lemma
4.6-7, on p. 243.)



