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BDC&CFE�GIH�JLK!M*N�O>PRQTS4U!PRV�WRWRV�X4YZY[O]\0WRV(^4_`SaU]V�W
I =

∫∫

R

f(x, y)dA
PRX4bcV.WdOeWRV(_RV(_fWhgiX4jZj!V.UeWRO]\0WRV(^4_`SaU<O	j!V.^I^4V

O]\IWkV.^I_kSIPmlnXI\<Pf_kV.QoQIV�prqaU]^4V(_sXut4V(_hV�Wv^4OeWfWvXIbD_kwIgiV
R xSIy z x�{ bD_kwIgiV�W|t0Od}ZV(_|PRQuSaUdOe\0WRV(^4_kV._kV._8Xut4V._8PftuSa_kV._�WRO]U a1

Od~<^4�<_�z xF� w4_8toOhO]\IWkV.^I_RV(_�prqa_`PfW8O
x � _RV.WR\ZO]\Z^�PRV._�toO�SuW x

^0wa_hpm_`S
3
√

y
WkOeU

a
bDV.\<P

y
^Iwa_dpm_`S

y = 2
WRO]U

y = a3 x<� V�WfWkV�^4O]_

I =

∫ a3

2

∫ a

3
√

y

f(x, y) dxdy.

N�V(g�O]\IWkV.^I_kSIPmlnXI\�O
y � _RV.WR\ZO]\Z^|prqa_`PnW�^0wa_ y

pm_`S
y = 2

WkOeU
y = x3 bDV(\<P x

^Iw4_dpm_kS
3
√

2
WRO]U

a x
� V.WfWkV�^4O]_

I =

∫ a

3
√

2

∫ x3

2

f(x, y) dydx.

a1

a2

0

1

2

3

4

y

–0.5 0.5 1 1.5

x

�d)m,?�*1��Z� � V�WRXDXIb|_`w4gZV.\ZV�O>X4Y<YZ^ISTtIV8z�S x
� x�� V(_�V._ a < 2

1

3

XI^[X4bD_`w4giV.WvtoO�O]\IWkV.^I_RV(_RV(_�Xut4V._�PftuSa_kV._vWRO]U
a2
O�~<^4�Z_8z x N�V(g�O]\IWkV.^I_kSIPmlnXI\prqa_`PnWDO

x � _RV.WR\ZO]\Z^LtoOeU x
\<w�OhbDXaW`PfV.WR\ZO]\Z^�WRO]UhOdY<�Z\ZQ0W�z�^Iw�pm_`S

a
WRO]U

3
√

y
bDV.\<P|toOh}<Sa_

a3 ≤ y ≤ 2 x<� V�WRWRV�^4O]_

I =

∫ 2

a3

∫ 3
√

y

a

f(x, y) dxdy.

� w4_$toO>PfQuS4U!O]\0WRV(^4_kV._kVvO y � _kV�WR\<Oe\Z^8^�lfqa_dt0O>PRX4bcXut4V(_$XI^�jo�0WfWkV._dY<w�^I_RV(\<PRV.\ZV�pm_`S8YZ�Z\ZQ0W�z x
� S|prw4_�toO

I =

∫
3
√

2

a

∫ 2

x3

f(x, y) dydx.

j�y � w4_�toO?O]\0WRV(^4_kV._kV._�prq4_kPfW�O y � _kV�Wk\ZOe\<^<��PRV._�toO�pm_`SD~<^I�Z_ � SuW 1 ≤ x ≤ b
XI^�SaW

ln x ≤ y ≤ x−2 x� _`SDgiV�WRWRV�prw4P

I =

∫ b

1

∫ x−2

ln x

f(x, y) dydx.

� q4_vw8^�lfq4_RV�Oe\0WkV.^4_`S4PrlnX4\<V.\[prq4_kPfW�O
x � _kV�WR\<Oe\Z^Db�w|toO�PfQo_kOetIV�XIb�Qo�Z_kt4V.\<V�PRX4b�gZV�~<\ZV(_RV(_

R
PfU]O]Q

SuWhtoO	prwa_�giV.b�Y�w�pmXI_RbDV.\
x = f(y) xi� �Z_RtIV.\ y = ln x

jZUeO]_
x = ey

X4^
y = x−2 j<UeO]_ x = y− 1

2 xN�O�giV._kV�b�wDt0O*gZV.U]V
R
X4YZY�O	WkX�X4bD_kwIgiV._

R1
X4^

R2
^IO�WRWvt4V�g

R1 � 0 ≤ y ≤ ln b = b−2 X4^ 1 ≤ x ≤ ey xs� V�WRWRV�PRtuSa_kV._8WRO]U�\ZV(gi_kV�giV.UvSTt�gZV�W[PfQo_`STt4V(_fWkVX4bD_`w4giV.WhO*~<^4�Z_ � xZ� \0WRV.^I_kS4UeV.Wdj<UeO]_ I1 =
∫ ln b

0

∫ ey

1
f(x, y) dxdy x
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x

�h)m,���1! >� � \0WRV.^I_kSIPmlnXI\<PRX4bD_kwIgiV�W$O*X4YZY<^ISTt4V|z�j x

R2 � ln b ≤ y ≤ 1
X4^

1 ≤ x ≤ y− 1

2 x>� V.WfWRV�PRtuSa_kV._vWkOeUsqTto_kV�giV(UFSTt�giV.W�PRQo_kSTtIV._RWRV�XIb|_`w4gZV�W�O~�^4�Z_ � xi� \IWkV.^I_kS4UeV.WdjZU]O]_ I2 =
∫ 1

ln b

∫ y
−

1

2

1 f(x, y) dxdy xN�O>prwa_�\�w|PRtuSa_kV�W�t4V�g�wDPR�ZbDbDV._kV�O]\0WRV(^4_`SaU]V.\ZV�Xut4V(_hgZO]PkPfV�WkX�X4bD_kwIgiV.\<V4�o\ZXoV�PfXIb�^4O]_

I = I1 + I2 =

∫ ln b

0

∫ ey

1

f(x, y) dxdy +

∫ 1

ln b

∫ y
−

1

2

1

f(x, y) dxdy.

" y$#�Oe^I\ZO]\Z^4V(\�pmX4_dV.\�PfO]_RQIV.U!bDV(g[_`S4gZOe�<P r
XI^|PRV.\0WR_k�ZbcO	X4_kOe^IX�V._h^IO�WRWdtIV(g

x2 + y2 = r2 xi� V(_kPRX4btoO&U]qIPfV(_�giV(\Z\ZV8UeO]^4\ZO]\Z^IV.\�bDV(g�}ZV.\�Pf�o\�Y<w
x
prw4_�toO

x = ±
√

r2 − y2
�!giV(_ −r ≤ y ≤ r x&% W�Opm_`SDgiV�WRWRV�QuSa\�toO�PRV�WfWkV�X4YZY�O]\IWkV.^I_kS4UeV.Wd}ot4XI_ht0O�^(lfq4_�Oe\0WkV.^4_`S4PrlnX4\<V.\�O

x � _kV�Wk\ZO]\Z^Dprqa_`PnW xZ� V.Wv^4O]_

I =

∫ r

−r

∫

√
r2−y2

−
√

r2−y2

f(x, y) dxdy.

N�V�g�w�jo�0WfWkV�_RXIUeU]V.\�WkOeU
x
XI^

y
O&S4_R^4�<b|V(\0WRV�WvXutIV._�prw4_�toOFSuW�O]\0WRV.^I_kS4UeV.Wvprqa_`PfW�bDV(g�}ZV(\<Pf�o\�Y�w

y
jZUeO]_

I =

∫ r

−r

∫

√
r2−x2

−
√

r2−x2

f(x, y) dydx.

x

y

r−r

−r

r

�h)m,���1!'>�)( O]_RQIV.U]V.\�O>X4YZYZ^0STt4V|z " x
g�y�N�O>WkS4_vO]\IWkV.^I_kS4UeV.WhXutIV._vgiV.Wv�0WR_kV�_RV(QIW`Sa\Z^IUeV.W

Ry = {(x, y)| − 2 ≤ x ≤ 3,−2 ≤ y ≤ 2} b|O]\o�<PtIV._`giO]V.\�STt�Oe\0WRV(^4_`SaU]V�WvXutIV._�giV.W�O]\<gi_kV�_kV.Q0WkS4\Z^4U]V�W
Ri = {(x, y)| − 1 ≤ x ≤ 2,−1 ≤ y ≤ 1} x( O]giV(\�toO�O]\IWkV.^I_RV(_RV(_�Xut4V(_�_kV.Q0W`Sa\Z^IUeV(_�jZU]Oe_�O]\0WRV.^I_kSIPmlnXI\<PR^4_kV.\<PRV.\ZV���STt0}<V.\Z^IOe^�STt�Oe\0WRV(^4_`S4PrlnX4\<P �_kV.QoQIV�prqaU]^4V(\[X4^DtoO>prw4_

Iy =

∫ 2

−2

∫ 3

−2

f(x, y) dxdy =

∫ 3

−2

∫ 2

−2

f(x, y) dydx

Ii =

∫ 1

−1

∫ 2

−1

f(x, y) dxdy =

∫ 2

−1

∫ 1

−1

f(x, y) dydx
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� V.WfWkV�^4O]_
I = Iy − Ii.

� V(_�~<\Z\ZV�P�giV.W � V(_RV�b8�ZUeO]^4}<V�WRV(_ x � X4_�V.QiPfV(bDY�V(U¢Qo�Z\Z\ZV�b�S4\�giV.UeW8giV.W8PfQo_`STt4V(_fWkV8XIb|_`w4gZV�W�O~<^4�<_���X4YZY�O?WkX�}<X4_kO]PRX4\0WkS4UeV�X4^[WkX�tIV._RWRO]QuSaU]V�PnWk_RO]Y!V._�X4^�Pf�ZbDbDV._RW�Oe\0WRV(^4_`SaU]V.\ZV�Xut4V._�}ot4V._�STt
PnWk_RO]Y!V.\ZV x	� V._�V(_�gZV�W�t0O]Q0WRO]^�w�Y<SIPRPRV8Y�w�SaW�PfWR_kOeY!V.\<V|O]QoQ4V|Xut4V(_RU�SaYZY!V._�PfU]O]Q�SuW�\ZXoV.\LX4bD_kwIgiV._Oe\0WkV.^4_kV._kV(P � V(_RV�^0Sa\Z^IV._ x

–2

–1

1

2

–2 –1 1 2 3

�d)m,?�*1A@���� V.Q0WkS4\Z^4U]V.\ZV�O*XIYZYZ^ISTtIV8z�g x
V�y � XI_DwLO]\0WRV.^I_RV(_RV(_�prq4_kPfW�b|V�gA}<V.\<PR�o\AY<w

x
b�w�toOh~<\<\ZV��iW�}0tIX4_DgiV�^4OeWfWkV�Qo�Z_kt4V(\ZV�Q0_k�iPRPRV._

}ot4V._`Sa\�gi_RV x N�O�U�q4PRV._ 2y2 − 1 = 1 − 3y2 X4^�prwa_ y = ±
√

2
5
x>� \Z\<PkSuWfW�O¢V.\ STt�UeO]^4\<Oe\Z^IV.\ZVD^IOe_

giV�WRWRV
x = 2 · 2

5 − 1 = − 1
5

X4^�Qo�Z_kt4V(\ZV(P�PRQ(l��h_kO]\Z^IPRYZ�Z\ZQ0WkV._�V(_
(− 1

5 ,±
√

2
5 ) x	� V(g�gZV�WfWkVDjZUeO]_

–1

–0.5

0.5

1

–2 –1.5 –1 –0.5 0.5 1

�d)m,?�*1�
>� { Y<YZ^ISTtIV�z�V x
Oe\0WkV.^4_`SaU]V�Wh\<w4_�t0O�Oe\0WRV(^4_kV._kV._$prqa_`PnW�O

x � _kV�Wk\ZO]\Z^D^4OeWfWvt4V�g
∫

√
2

5

−
√

2

5

∫ 1−3y2

2y2−1

f(x, y) dxdy.

� XI_Fw�O]\0WRV.^I_RV(_RV¢prqa_`PnWFbDV(g8}ZV.\�Pf�o\|Y<w
y
jZUeO]_FtoOi\<qogoWFWRO]U<w�gZV.U]V

R
XIYZY8OoWkX�X4bD_kwIgiV._���Oe\0WRV(^4_kV._kV._

Xut4V(_*}ot4V._?STt�giV(b XI^�S4g<giV._kVsPftuS4_RV(\ZV x � X4_&w�^�lfqa_kVsgiV�WRWRV$bDwvt0OoPRQ0_kO]t4V�Qo�Z_kt4V.\<VsPfXIb�pm�Z\<QoPrlnX4\<V._STt
y
bDV(g�}ZV(\<PR�0\�Y<w

x x
y = ±

√

1

2
(x + 1)

XI^
y = ±

√

1

3
(1 − x).

� _`SDWRO�giU]Oe^IV._kV�}<S4_�toO?SaW�Qo�Z_kt4V(\ZV�PRQ(l��h_kV._�}ot4V._`Sa\�gi_RV�\<w4_
x = − 1

5 x	�
V�WRX�XIbD_kwIgiV.\ZV�toO&Oe\0WkV �^4_kV._kV._dXut4V(_dj<UeO]_�gZS

R1 � −1 ≤ x ≤ − 1
5

X4^ √

1
2 (x + 1) ≤ y ≤

√

1
2 (x + 1) x

R2 � − 1
5 ≤ x ≤ −1

XI^ −
√

1
3 (1 − x) ≤ y ≤

√

1
3 (1 − x) x

� V.WfWkV�^4O]_

I = I1 + I2 =

∫ − 1

5

−1

∫

√
1

2
(x+1)

−
√

1

2
(x+1)

f(x, y) dydx +

∫ 1

− 1

5

∫

√
1

3
(1−x)

−
√

1

3
(1−x)

f(x, y) dydx.
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�h)m,?�*1��>� { bD_kwIgiV�W R
j!V.^I_RV(\<PRV�WvSTt

S1
X4^

S2
O*XIYZYZ^0STt4V � x

j!y�N�XIUe�<b|V.W
VR

WkOeU?V�W�XIbD_kwIgiV
R
V(_�Wn�oYZO]PRQ�^4OeWfW�STt[O]\0WRV(^4_`SaU]V�W

VR =
∫∫∫

R

dV x�� V._`PfXIb z
V(_v^4OeWfW

V(QiPfYZU]O�PfOeWfWsPRX4b V.\8pm�Z\ZQiPrlnX4\
z = z(x, y)

STt
x
XI^

y
_kV(gi�<PRV._kV._FgiV.WfWRV�PRV.^�WRO]U

VR =
∫∫

R′

z(x, y)dA
�

gZV._
R′ V(_�YZ_kXalnV(QoPrlnX4\<V.\��mV(UeU]V._��fPRQo�0^I^4V(\
	ny�STt R

\ZV�g O
xy � YZU]S4\ZV�W x?� V._�V(_ z = cosx

X4^
R′j!V.^I_RV(\<PRV�W�STt�pm�Z\ZQiPmlnXI\ZV.\

y = cosx
X4^[U]O]\ulnV.\ZV

y = 0
X4^

x = 0
PfXIb toO�PnW�O?~<^I�Z_�� x�� V._`PfXIbtoO&prqa_`PfW�O]\IWkV.^I_RV(_RV(_�bDV(g�}ZV.\<PR�o\�Y<w

x
prwa_�toOFSaW

0 ≤ y ≤ 1
XI^

0 ≤ x ≤ arccosy x	� V.WfWkV|^IOe_O]\0WRV(^4_`SaU]V�W

VR =

∫ 1

0

∫ arccos y

0

cos(x) dxdy =

∫ 1

0

sin(arccos(y)) dy.

� V�WRWRV|Oe\0WkV.^4_`SaU]V�W�QuSa\�U�q4PRV(P�bDV(g�PR�Zj<PfWROeWR��PmlnXI\ZV.\ y = cos(θ)
� � ��PfQ�SaW arccos(cos(θ)) = θ

y x
� O
�!V(_RV(\<PfO�SaU]V�W�V._ dy = − sin(θ) dθ x>� V(\�\ZV(gZ_RV�O]\0WRV(^4_`S4PrlnX4\<PR^4_kV.\<PRV.\ y = 0

PftuS4_RV(_�WRO]U
θ = π

2XI^|gZV.\�qTto_RV�^4_kV.\<PRV.\
y = 1

PRtuSa_kV._dWRO]U
θ = 0 x N�O>prw4_

VR =

∫ 0

π

2

sin(θ)(− sin(θ) dθ) =

∫ π

2

0

sin2(θ) dθ =
π

4
.

N�O*Y<_kqTtIV._hX4^0PRw|w|j0�0WRWRV�Oe\0WkV.^4_`S4PrlnX4\�Pf_kV.QoQ4V.prqaU]^4V x � _`S8~<^4�<_���PRV._�toO*SaW�giV�WRWRV�^4O]_�O]\IWkV.^I_kS4UeV.W

0

0.2

0.4

0.6

0.8

1

0.2 0.4 0.6 0.8 1 1.2 1.4

�h)m,���1��!�)( Qo�o^4^4V(\�STt
R
\ZV(g�O

xy � YZU]S4\ZV�W x

VR =

∫ π

2

0

∫ cos(x)

0

cos(x) dydx =

∫ π

2

0

cos(x)

∫ cos(x)

0

dydx.

� V�WvO]\<gi_kV�Oe\0WkV.^4_`SaU]V�W�V(_ ∫ cos(x)

0 dy = cos(x)
X4^|toO>prwa_

VR =

∫ π

2

0

cos2(x) dx =
π

4
.
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BDC&CFE�GIH�J  *M #?S|pm�Z\ZQiPrlnX4\ZV(\
f(a, b) =

∫∫

R

(x + 2y) dA =
∫ a

0

∫ b

0 (x + 2y) dydx x!� V(\�PRQTS4U*bDOe\<OebDV._kV(P
bDV(g�}<V.\<PR�o\�Y<w[j!V�WkOe\<^4V.U�PRV.\

g(a, b) = a + b − k = 0 x�� ~<^4�<_���PRV._�toO�O]\IWkV.^I_kSIPmlnXI\<PfXIbD_kwIgiV�W x #*O]\ulnV.\
a + b = k

V._hWkV.^I\ZV�W�O]\Z\�pmXI_�w8O]\<giO]Q4V(_RV�}ot4XI_dgiV.W�qTt4V(_kPfWRV�}<qT�o_RV�}ulfqa_k\ZV�WvSTt�_kV.Q0WkS4\Z^4V(UeV.WdQuS4\�t �h_kV�pmXI_
SuWvQo_`STt4V.W

g(a, b) = 0
PRQuSaU>t �h_RV�XIYZYipm�oU�W x N�O*~<\Z\ZV(_ f(a, b)

tIV(g�w8V(tuSaU]�ZV._kV�Oe\0WRV(^4_`SaU]V�W x

a

b

a+b=k

k

k

y−akse

x−akse

�h)m,��*1��>� � \0WkV.^4_`S4PrlnX4\�PfXIb|_`w4gZV�W R
O*X4YZY<^ISTt4V�� x

f(a, b) =

∫ a

0

∫ b

0

(x + 2y) dydx =

∫ a

0

[xy + y2]b0 dx

=

∫ a

0

(bx + b2) dk = [
1

2
bx2 + b2x]a0 =

1

2
ba2 + b2a.

N�O?PfQuSaU>j<_R�ZQIV #�Sa^I_kS4\Z^4V(bDV�WRXigiV(\�bDV(g�V.\�jZO]j!V�WRO]\Z^IV.U�PfV x
∇f(a, b) = λ∇g(a, b), g(a, b) = 0.� _`SDgiV�WRWRV�prw4_�t0O*prqaU]^4V.\�giV�Pf�iPfWRV.b STt[UeO]^4\<Oe\Z^IV._

ba + b2 = λ,
1

2
a2 + 2ab = λ,

X4^
a + b = k.

N�O*prwa_
ba + b2 = 1

2a2 + 2ab x #*OeWfWvb�S4\ZOeY<�ZU]SIPmlnXI\�^IOe_

b2 − ab − 1

2
a2 = 0.

N�O>j<_R�ZQIV._d\<w8Q0_`STt4V.W
g(a, b) = 0

X4^DPRV�WfWkV._
a = k − b

O]\Z\�O>UeO]^4\ZO]\Z^IV.\�XutIV._ xI� V�WRWRV�^4O]_dV.\�Sa\<gi_kV.^I_kSIgZP �U]Oe^I\ZOe\<^
b2 − (k − b)b − 1

2
(k − b)2 = b2 − k2 1

3
= 0

bDV(g U�q4PR\ZO]\Z^
b = ±k

√
3

3 x?�
w�}<S4gZgZV[toOsV�W�Qo_`STt�X4b SuW

b > 0
X4^�toO$PRO�WRWRV(_�Oe^�lnV(\ b|V�g giV.\ Y!XIPROeWRO]t4V

U�q4PR\ZOe\<^4V.\ x N�O>prw4_vSaUeWkPkw|SaW a = k(1 −
√

3
3 )

XI^
b = k

√
3

3
x

� V.\�b�SaQiPfO]b�SaU]V�t4V._`giO]V.\�V._
f(k(1 −

√
3

3
), k

√
3

3
) =

k3

3
√

3
.

BDC&CFE�GIH�J���M � XI_�V.\�V.\Z}ZV.WkPRt4V(QIWkX4_
u
V(_vgiV.\�_kV�WR\<Oe\Z^0PRgZV._kOetIV._RWRV�O

u � _RV.WR\ZO]\Z^|WRO]U>pm�Z\<QoPrlnX4\<V.\ g(x, y, z)O>YZ�Z\<QIWkV�W
P0

^IO�WRW�t4V(g
Dug(P0) = ∇g(P0) · u = |∇g(P0)| cos(θ)

�<giV(_
θ
V._htoOe\<Q4V.U]V.\�bDV.U]UeXIb ∇g(P0)X4^

u xZ� V(\�_RV.WR\ZO]\Z^IPkgiV(_RO]t4V(_fWkV�X4Y<YZ\<wa_vPRO]\�b�SaQiPROeb�S4UeV�t4V(_kgiO |∇g(P0)|
\�wa_

u
X4^ ∇g(P0)

V._�Y�Sa_`SaU]UeV(UeU]V xSIy$#�S�\<w
P = (−1, 1, 1)

�
Q = (1, 2, 3)

XI^
R = (−1,−3,−2) x � _`S�XIYZYZ^0STt4V�WkV.QiPfWRV.\�}<Sa_�toOsSuWgiV.\ b�SaQiPROeb�S4UeVD_kV�WR\<Oe\Z^0PRgZV._kOetIV._RWRV8WRO]U

g(x, y, z)
OsYZ�<\ZQ0WRV�W

P
V(_�UeO]Q ��XI^�gZV._kb|V�gLt4V�W�toO¢SaW

|∇g(P )| = 6 x N�O�giV._kV�XIYZYZU]�oPRV(P�giV�W�SaW�giV.WfWRV8X4YZY<\<w4P�O&_kV�WR\<Oe\Z^�bDX4W�YZ�Z\<QIWkV�W Q x	� \Z}ZV.WkPRt4V(Q �WRXI_RV(\�O�gZV.\Z\ZV�_kV�Wk\ZOe\<^4V.\�V(_
u =

−−→
PQ

|−−→PQ|
x N�O�}<Sa_

−−→
PQ = 〈1 − (−1), 2 − 1, 3 − 1〉 = 〈2, 1, 2〉.

� V.WfWkV�^4O]_ |−−→PQ| =
√

22 + 12 + 22 =
√

9 = 3,
XI^Dt0O	~�\Z\ZV._

u =
1

3
〈2, 1, 2〉.
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� V(g�gZV�WfWkVdPRQuSaU0toO0\�wv~<\<\ZVdgZV.\�_kV�Wk\ZO]\Z^IPkgiV._kO]t4V._RWRV¢O P Oo_kV�Wk\ZOe\<^�bDXaWFYZ�Z\<QIWkV�W
R x N�O0j!V.^I�o\Z\ZV._bDV�g�w|~<\<\ZV�V.\Z}<V�WkPRt4V(Q0WRX4_kV.\

v =
−→
PR

|−→PR|
x N�O*}<S4_

−→
PR = 〈−1− (−1), −3− 1, −2− 1〉 = 〈0,−4,−3〉.

� V�WRWRV�^IOe_ |−→PR| =
√

02 + (−4)2 + (−3)2 =
√

25 = 5,
X4^DtoO>~<\<\ZV._

v = −1

5
〈0, 4, 3〉.

� O]U*PRUe�iWRW�prwa_vtoO
Dvg(P ) = ∇g(P ) · v = 6u · v

= −2

3
(0 + 4 + 6) = −4.

j!y � Sa\<^4V.\0WkYZU]S4\ZV�WdWRO]U
f(x, y)

O*YZ�<\ZQ0WRV�W
P = (1,−1)

V(_�^4OeWfW�t4V�g
∂f

∂x
(P )(x − 1) +

∂f

∂y
(P )(y + 1) = z − f(P ).

� V.\ _kV�Wk\ZOe\<^IPkgiV._kOetIV._RWRV�V._�^4OeWfW�tIV(g Djf(P ) = ∇f(P ) · j = ∂f
∂y

(P ) x¢� U]Oe^I\ZOe\<^4V.\6pmX4_DW`Sa\ �^IV.\0WRY<U]S4\ZV�W�WRO]U
z = f(x, y)

O¢YZ�Z\ZQ0WRV.W
(1,−1, 3

2 )
V._�Q4XoV���PRO]V.\0WRV(\�pmX4_`Sa\

y
U]OeQ�� x � q4Ue^IV.U]Oe^�V._

∂f
∂y

(P ) = 0
XI^8toO>prw4_

Djf(P ) = 0 xN�O�PRQ0_kO]t4V._dX4b UeO]^4\<Oe\Z^IV.\�pmX4_vgiV.Wv^4OeWfWkV�W`Sa\Z^IV.\0WRY<U]S4\ZV�W�Y<wD\ZXI_Rb�S4U�pmXI_Rb xi� V.WfWkV�^4O]_

−2x + 0y = z − 7

2
� _kSv\ZX4_kb�SaUepmX4_kb|V(\�Xut4V(_*QuSa\�toO0\<w�~<\<\ZV ∇f(P ) = 〈∂f

∂x
(P ), ∂f

∂y
(P )〉 = 〈−2, 0〉. #?S u = 〈 1

2 , c〉 �gZV._
c
V(_sV.\DtoOeU]Quwa_kUeO]^�Q4XI\<PfWkSa\0W x N�O�PRV._$SuW Duf(P ) = ∇f(P ) ·u = −2 · 1

2 +0 · c = −1
�<Sa\�PfV.WfW

}otuS
c
V._ x � X4_�SuW u

PRQuSaUFt �h_RV8V.\�V(\Z}ZV.WkPRt4V.Q0WkX4_�j!V(PfWRV(bDb|V�P
c
PRUeO]Q�SuW |u|2 = ( 1

2 )2 + c2 = 1 x
� V�WRWRV�^IOe_ c = ± 1

2

√
3 xZ� V�qa\<PRQ4V�giV�V.\Z}ZV.WkPRt4V(QIWkX4_kV.\ZV�jZU]Oe_ u = 〈 1

2 ,± 1
2

√
3〉 x

BDC&C&E!G4H!J��*M
S0y�N�O>giV�~<\<V._kV._

g(x, y) = 5x2 − 6xy + 5y2 − 4
√

2(x + y)
X4^�j<_R�ZQIV._�#�S4^4_`Sa\Z^IV.bDV�WkXogZV.\[w�~<\Z\ZV

b�S4QoPRO]b��Zb�P � XI^8bDO]\ZOeb8�Zb�PfY<�Z\ZQ0WRV(\ZV�WRO]U f(x, y) = xy
bDV�g�jZO]j!V�WRO]\Z^IV.U�PfV

g(x, y) = 0 x N�O	prw4_

∇f(x, y) = λ∇g(x, y), g(x, y) = 0.

� V�WRWRV�^IOe_hprq4Ue^IV.\<giV�PR�iPnWkV.b�STt[U]O]^4\ZO]\Z^4V(_

y = λ(10x − 6y − 4
√

2)I

x = λ(10y − 6x − 4
√

2)II

5x2 − 6xy + 5y2 − 4
√

2(x + y) = 0III

� X4_vw8p lnV._k\ZV�QIX4\<PfWkS4\IWkUeV�gZgiV(\ZV�PR�ZjiWk_kS4}ZV._kV._htoO>U]Oe^I\ZOe\<^
II
pm_`S8U]O]^4\ZO]\Z^

I �
y − x = λ(10x − 6y − 4

√
2) − λ(10y − 6x − 4

√
2)

= 16λx − 16λy = −16λ(y − x).

� wDPnW`wa_hWRV(_RbDV(\ y − x
Y<w|j!V.^I^4V�PfO�giV(_vSTt�UeO]^4\ZO]\Z^IV.\*�ZPkw|t0O � �0WfWRV(_�Xut4V(_ xi� V�WfWkV�^4O]_

(1 + 16λ)(y − x) = 0.

� V�WRWRV�^IOe_�X0PRP$WRXDWkOeUepmV.U]U]V._ � z x 1 + 16λ = 0
V(UeU]V._ � x y = x xz x 1 + 16λ = 0

giV�W�t0O]U�PRO
λ = − 1

16 x��
V.WfWRV|PfV.WfWkV._vtoO>pmXI_�V.QiPRV.bDY!V.U*O]\Z\�O�U]O]^4\ZO]\Z^

II
X4^Dprwa_

x = − 1
16 (10y − 6x − 4

√
2) x<� V�WRWRV�^4O]_

x + y =
2

5

√
2.



� ��� �������
����� ����� � ������� ����� �	�
�
� �

� V.W�t0O]U]UeV|^4OeWfW�giV.\LPRS4bDb|V8UeO]^4\<Oe\Z^IV.\�XIb toOFPkSuWRWRV
λ = − 1

16

O]\Z\�OFU]Oe^I\ZOe\<^
I x>� V(\�PRO]PfWRVUeO]^4\<Oe\Z^IV.\�^4O]_

y = 2
5

√
2 − x x � U�W`PRw

y2 = x2 − 2 · 2

5

√
2x +

4

25
· 2 = x2 − 4

5

√
2x +

8

25

4
√

2(x + y) = 4
√

2(
2

5

√
2) =

16

5
.

� \Z\<PkSuWRWvO*UeO]^4\<Oe\Z^ III
prwIP

0 = 5x2 − 6(
2

5

√
2x − x2) + 5(x2 − 4

5

√
2x +

8

25
) − 16

5

= 16x2 − 32

5

√
2x − 8

5
.

#�qIPfV(_hS4\<gi_kV.^I_kSIgZPfU]O]^4\ZO]\Z^4V(\[X4^|prw4_

x =

√
2

2

V(UeU]V._
x =

−
√

2

10
.

� \Z\<PkSuWRWvO*�iWfWk_R�oQoQ4V.WhpmX4_ y
^IOe_vgiV.WfWkV�WRXDYZ�Z\ZQ0WkV._

P1 = (
√

2
2 , −

√
2

10 )
X4^

P2 = (−
√

2
10 ,

√
2

2 ) x� x N�O�PRV�WRWRV(_ x = y
O]\Z\�O*U]Oe^I\ZO]\Z^

III

0 = 5x2 − 6x2 + 5x2 − 4
√

2 · 2x = 4x(x − 2
√

2).

� V(_¢V._ x = 0
V.U]UeV(_

x = 2
√

2
bDV(gDWkOeU]}<q4_RV(\<giVvYZ�<\ZQ0WRV._

P3 = (0, 0)
X4^

P4 = (2
√

2, 2
√

2) x
� OeUhPRUe�iWRW8b�w�toO$PrlnV.QoQIV[}ot0O]U]Q4V�STtLgiV[~<_kV[YZ�<\ZQ0WRV.\<V�toO¢}<S4_�pm�Z\<\ZV�WDPfXIb ^IOe_8bDS4QiPfO]b��Zb X4^
bDOe\ZO]b��<b x

f(P1) = f(P2) = − 1
10

X4^D^4O]_�bDOe\ZO]b��<b x
f(P3) = 0

V._�}ot4V(_RQIV.\�b�S4QoPRO]b��Zb�PhV.U]U]V._�bDOe\<Oeb8�Zb�PfYZ�<\ZQ0W x
f(P4) = 8

^4O]_�bDS4QiPfO]b��Zb x
� V(\�XIj<PRV._ktTS4\0WRV�U]V(PRV._�Qo�Z\Z\<V|}�S�U�Sa^4W�bDV(_RQIV�WRO]UsSuW g(x, y) = 0

gZV�~<\ZV(_RV(_�V.\LV.U]UeO]Y<PRV|PRX4b V(_
gi_kV.O]V�W�O?pmX4_k}ZXIU]g�WkOeU

x
X4^

y � SaQiPfV(\�Y�w[V.\�PfU]OeQ�b�wuWkV8SaW�giV(\�U]S4\Z^4V8}<SaU]tuSaQiPRV.\�U]Oe^I^4V._�Y<w[U]Oe\alnV.\
x = y xi� V(\Z\ZV�gi_kV.O]\ZO]\Z^4V(_d^IOe_dQo_R�iPkPfU]V(g<giV�W � −6xy

ysO
g(x, y) x N�O�giV._kV�V._hOeQoQIV�PRV.\0WR_k�Zb�O>XI_RO]^4X��

bDV.\[pmXI_kPRQ�lfqTt4V.W¢PfU]OeQ�SaW$�0WfWkV._kYZ�Z\ZQ0WRV(\ZV�Y<w�giV�PnWkX4_kV�}<S4UetuS4QoPRV.\<VvUeO]^4^IV._$O�}ZV(\Z}ZXIU]gZPRtoO]P
(0, 0)

X4^
(2
√

2, 2
√

2) xI� V.\Z\<V�pmX4_`PfQo�oto\ZO]\Z^4V(\8^IOe_�prq4_kPfWRV(^4_`S4gZPRU]V(gZgiV.W −4
√

2(x+y)
O
g(x, y) x � X4_¢w�t �h_kVbDV._�Y<_RV�PfO�P � toO?O]\Z\iprq4_RV(_�\o�4V�QIXoX4_`giOe\�SuWRV(_ u

XI^
v
PRU]OeQ�SuW

x = 1√
2
(u − v)

XI^
y = 1√

2
(u + v) x

� V.WfWkV8_kV.YZ_kV(PRV.\0WkV._kV._vV.W�QIX0XI_kgZOe\<SaWkPR�iPnWkV.b PfXIb V(_�gZ_RV(OeV.W π
4

_`S4giO�Sa\<V._�bDX4W�QoU]X4QoQ4V(\�O?pmXI_R}<X4U�g
WRO]U

xy
QIX0XI_kgZOe\<SaWRV(\ZV xa� w�V._ (∗) V.QotoO]tTS4UeV(\0Wsb|V�g (u−2)2 +4v = 4

X4^�pm�<\ZQiPmlnXI\ZV.\
z = f(x, y)V._

z = 1
2 (u2 − v2) xj�y � V(_�QuSa\ toO¢PfV.WfWkV�XIPkP�\ZV(gLX4^�_kV.^I\ZVDOst4V(O �*bDV(\LbDV�g V�W�U]O�WkV[qT�4V.j<UeO]QoQoP�V.WfWRV(_fW`Sa\ZQIV[PfV(_�toO¢SuWpm�Z\ZQiPrlnX4\ZV(\

F (x, y, z) = f(x, y)ez
�FgiV._

f(x, y) = xy
V(_�pm�Z\<QoPrlnX4\<V.\�pm_`S�YZ�<\ZQ0W

a x N�O]gZV._kVt4V.W[t0O�SuW�prSaQ0WkX4_kV.\
ez

V._�Y!XIPRO�WkOet X4^ PfWRO]^4V(\<giV x$� V(\Z\ZV�prS4QIWkX4_kV.\ toOeU�gZV._RpmX4_�j<S4_RV�pmXI_kPfWRV(_RQIVV.tIV.\0WR�ZV(UeU]V�V(QoPfWR_kV.b�S4UeYZ�<\ZQ0WRV._��¢XI^ toO�prw4_�b�SaQiPRYZ�Z\ZQ0W
(2
√

2, 2
√

2, 12)
bDV(g b�S4QoPRO]bDS4UetIV._`giO

F (2
√

2, 2
√

2, 12) = 8e12 x � O]\ZO]bDS4UeY<�Z\ZQ0WRV(\ZV�V._ (
√

2
2 , −

√
2

10 , 12)
X4^

(−
√

2
10 ,

√
2

2 , 12)
bDV�g�b|O]\ZO �b�SaU]t4V._`giO

F (
√

2
2 , −

√
2

10 , 12) = F (−
√

2
10 ,

√
2

2 , 12) = − e12

10 x

BDC&CFE�GIH�J��*M � q4_kPfW�_RV(^4\ZV(_dtoO>�iW�PfWkq4_R_kV.U�PRV._�giV�WvtoO]U>jZU]O*jZ_k�ZQ�pmX4_��<\<giV._kt4V(O]PhO�X4YZYZ^0STt4V(\ x

∇F (x, y, z) = 〈yz, xz, xy〉 XI^ ∇G(x, y, z) = k〈 yz2

2
√

xy
,

xz2

2
√

xy
, 2
√

xyz〉

N�O�t0O]U*XI^IPkw�Wk_RV(\Z^4V�Qo_R�iPkPfY<_RXigi�ZQ0WkV�W ∇F (x, y, z) ×∇G(x, y, z) x�� V.WvV._�^4OeWfWvtIV(g

∇F (x, y, z) ×∇G(x, y, z) = k

∣

∣

∣

∣

∣

∣

∣

i j k

yz xz xy
yz2

2
√

xy
xz2

2
√

xy
2
√

xyz

∣

∣

∣

∣

∣

∣

∣
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N�O*V(QoPRY<S4\<giV._kV._�giV.WfWkV��iWfWk_R�oQoQ4V.WhXI^|prwa_

∇F (x, y, z) ×∇G(x, y, z) = ki(2
√

xyxz2 − x2yz2

2
√

xy
) + kj(

xy2z2

2
√

xy
− 2

√
xyyz2) + kk(

xyz3

2
√

xy
− xyz3

2
√

xy
)

= ki
4x2yz2 − x2yz2

2
√

xy
+ kj

xy2z2 − 4xy2z2

2
√

xy

=
3

2
k
√

xyz2(xi − yj) =
3

2
G(x, y, z)〈x,−y, 0〉

� wa_ G(x, y, z)
V._�QIX4\<PfWkS4\0W�^4O]_�giV.WfWRV�WkS4\Z^4V(\IWkt4V(QIWkX4_kV._�WkOeUd}o�0Y!V._kjZU]V._8^4OeWfW8STt

xy = γ
�&giV._

γ
V._8V.\

Q4X4\�PnW`Sa\0W xi� V�WfWkV�Q4XIbDb|V(_dWRO]U*\o�IWRWRV�O*Y<�Z\ZQ0W b xS0y�N�O�qa\�PfQIV._�SuW
v
PfQuS4U*^4O

DvF (P0) = 0
X4^

DvG(P0) = 0 x � U�W`PRw
0 = DvF (P0) = ∇F (P0) · v

gZtoP x v⊥∇F (P0)

0 = DvG(P0) = ∇G(P0) · v
gZtoP x v⊥∇G(P0)

� \�PRU]OeQ[tIV.Q0WRXI_h~<\Z\ZV(_�toO�PfXIb�Qo_R�iPkPfY<_RXigi�ZQ0WkV�W ∇F (x, y, z) ×∇G(x, y, z)
PRX4b�toO>prS4\0WvO>Oe\Z\ �U]V(gZ\ZOe\<^�WkOeU$giV.\Z\<V�X4YZYZ^0STt4V(\ x>� V.W�t0O]U¢PROsSuW v

V._�V(\ t4V.Q0WkX4_�bDV(gLUeV(\Z^IgZV�z�PRX4b V._�Y<S4_kS4UeU]V.U]U
bDV�g ∇F (P0) ×∇G(P0) = 57,6k〈9,−16, 0〉 x0� V�WRWRV�^4O]_ v = ± 1√

337
〈9,−16, 0〉 xj!y � �ZWfWR_k�oQoQ4V�W$pmX4_ ∇F (x, y, z)×∇G(x, y, z)

PfV(_$toO	SuW$QIXoV �[PfO]V.\0WkV.\DpmX4_`Sa\
k
V._ � xo� V.Wdj!V�Wn�o_hSuWtoO	O]Q0QIV�QuS4\�V.\�gi_RV

z
giV._`PRX4bctoO*qa\<PRQ4V(_$w8}ZX4U�giV�t4V._`giO]V.\�STt

F (x, y, z)
X4^

G(x, y, z)
Q4XI\<PfWkSa\0W

U]O]Q|tIV._`giO]V.\�O
P0

\<wa_$toO�j!V.tIV.^4V(_¢X0PRP¢j�XI_fW$pm_kS
P0 xo� w�Qo_RV(t4V(_¢toO!SaW F (x, y, z) = xyz = F (P0)

�
bDV(\�PfO�giV(\

z
O]QoQ4V�QuS4\[V.\<gZ_RV�PfV(^�b�w�YZ_kXigi�ZQ0WRV.W

xy
}ZXIU]giV�P¢QIX4\<PfWkS4\0W¢UeO]QDt4V(_kgiO]V.\�O

P0
�ogiV.W$toOeU

PRO
xy = 9 · 16 = 144 x � V(_RQ�SuWvtoO�toO]UeU]V�prwaWfWvWkOeU�PftuS4_RV(\<giV�_kV(PR�ZU�W`SuW�XIb�toO�}�S4gZgiV�^(lnXI_fW�PkSabDbDV

_kV(PRX4\<\ZV.bDV.\0WFpmX4_
G(x, y, z) = k

√
xyz2 V�WRWRV(_kPRX4b t0O�X4^0PRw�}ZV(_sb�wuWfWkVvQo_RV(t4V�SuW

z
bDwaWfWkVv}ZX4U�giV�P

~�QoPRV._RW�X4^DSuW √
xy

giV._kbDV(g�bDw|t �h_kV�Q4X4\�PnW`Sa\0W xN�O*}<S4_hS4U�W`PRwDSaW
P1 = (x, y, 3,2)

X4^ |−−−→P0P1|2 = 25
PRX4b�V(_�V.QotoOetuSaU]V.\0W�bDV(g

� ∗ y (x − 9)2 + (y − 16)2 = 52.

� V._�Qo�Z\Z\ZV�t0O�\<wAjZ_R�<QIW xy = 144
XI^APkSuWfW�O]\Z\ O�UeO]^4\<Oe\Z^IV.\ XutIV._ x¢� V�W�t0O]U]UeV�^4OeWfW�XIPkP[V.\p lnV(_kgZV.^4_`S4g<PfU]Oe^I\ZO]\Z^�O

x x � \�PfU]O]Q�UeO]^4\<Oe\Z^�V._�Y�w�O]\Z^IV.\|bDwaWRVh�ZU�q4PRV.U]Oe^��Tb|V(\Dt0OZPRV._&prq4_kPfWsSuW x = 12XI^
y = 12

^4O]_�V.\�U]qIPf\<Oe\Z^|pmXI_kgiO�Q0_`STt4V.W
xy = 144

gZS|V(_vX4YZYZpm�0UeW x � UeWkPkwDV._ P1 = (12, 12, 3,2)V(\�U�q4PR\ZO]\Z^ xZ� V�Sa\�gi_RV�}ZV(U�W`SaU]U]PRU�q4PR\ZOe\<^4V.\<V�STt � ∗ y$WkOeUepm_RV�gZPfWRO]UeV(_�OeQoQ4V xy = 144 x( X4b�\ZV(to\IWvQo�Z\<\ZV�t0O�jZ_R�<QIW
xy = 144

X4^�PRSaWfW�giV.WfWkV�Oe\Z\�O � ∗ y x<� V�WRWRV�^IOe_��ibDV(g y = 144
x

(x − 9)2 + (y − 16)2 = 52

(x − 9)2 + (
144

x
− 16)2 = 52

x2 − 18x + 81 +
1442

x2
− 2

144 · 16

x
+ 162 = 25

toO>b8�ZU�WkOeY<UeO�PfV(_RV(_�bDV(g
x2 XI^8prw4_

x4 − 18x3 + 312x2 − 4608x + 20736 = 0.
� ∗∗ y � _kS�Xut4V._¢}<Sa_dtoO!SaW

x = 12
V._dV.\�U]qIPf\ZO]\Z^�STt � ∗∗ y x N�O	QuSa\�giV._kbDV(g[giO]toO]gZV._kV�Y!X4U]�0\<X4bDV�W¢O � ∗∗ ybDV�g

x− 12
X4^�prw�V.WhWR_kV(gTlnV(^4_`S4gZPRY�XIUe�o\ZXIb xI� V�WfWkV�QTS4\[^�lfqa_kV(P¢pmX4_h}<w4\<g>�obDV.\�gZV�Wh^Iwa_d_`S4PRQ4V._kVbDV�g � S4YZU]V x ( tuS4_RV.Whj<UeO]_

x3 − 6x2 + 240x − 1728 = 0

� prq4Ue^IV � SaYZU]V�}<S4_�giV(\Z\ZV�U]Oe^I\ZO]\Z^4V(\�j<Sa_kV�V.\�_kV.V(UeU?_RX4W x<� V.\�V(_v^4OeWfW�t4V�g x ≈ 6, 99699 xZ� V�WRWRV^IOe_
y ≈ 20, 58028 x N�OdQ4XI\ZQoUe��giV._kV._�bDV(g SaW�YZ�Z\<QIWkV�W (6,99699, 20,58028, 3,2)

X4^0PRw�^4O]_�V(\
U�q4PR\ZO]\Z^ x


