Exercise Set 2

Problem 1

(a) From Newton’s second law of motion, we have that, given a body of mass

M7
Ma=) F

where a is the acceleration of the body and > F is the sum of all the forces
acting on that body.

In the case of the sprinter, the forces we will consider are:
e F: The actual force produced by the sprinter.

e F;: A single force which accounts for all the friction forces acting within
the body of the sprinter.

e F'p: The drag produced by the air (it has to be added with a negative
since the effect of the drag is to slow down the sprinter).

Hence,
du*
M =F,+F,—F
pre + D
As indicated in the text, we write
M *
Fy = Mp*(t*) and F; = —-MR(u") = — —2
-

It remains to evaluate Fp. In this purpose, we proceed to a dimensional anal-
ysis. The drag Fp depends on the speed of the sprinter. It depends on his
general shape but we assume that all the sprinters have roughly the same shape
and the only paramater which matters is the surface of their “cross-section”:A.
Concerning the air, v and p have to be considered (the heavier is the air, the
more energy is needed to displace it). We get the following dimension table:

| A p u v Fp
kg| 0 1 0 0 1
m|2 -3 1 2 1
s|0 0 -1 -1 =2

*

The rank of the system is 3. We get 5-3=2 independant variables:
v _ Fp
T WA T pAu?
Hence, by the Buckingham’s pi theorem,
= e )
p Au*2 u*Al/2

11,



After substituting A'/2 by a characteristic length L, we can rewrite this formula
as given in the text:

FD = %pCD(Re)AU*z
(where Cp(z) = 2®(1/x))

(b) We want to determine the scales @, t,p defined as

*

u =mnu, t* =1, p* =pp

After plugging these expressions into the equation of motion, we get

udu Mu 1
= 4+ — —pCp AT u* = Mp 1
= T ut gpCpAutu PP (1)
To get the desired form, the terms in front of ‘;—qj, u and p have to be equal:
i Mu
M2 =22 v
t T

It follows

A natural choice for p is P = max(p) and we end up with @ = 7P. Equation
(1) becomes
() +u(t) + eu(t)® = p(t) (2)

_1 A _2
where € = 5pCp 1;7°P.

If we take M = 80kg, we get ¢ = 2% and the resistance of the air can be
neglected in a first approximation.

(c) We expand u(t) up to the first order

u = ug + eug + o(e)
Plugging this expression into equation (2), we get

o + €ty + ug + eug + £(ug + eus + 0(¢))? = p(t) + o(e)
We expand the quadratic term and ignore the terms of order larger than .
U + uo + ety + uy + ug) = p(t) + o(e)
The initial condition is
u(0) = uo(0) + cu1(0) + o(e)

At the order 0, we get

g +up = p(t), uo(0) =0 (3)



At the order 1, we get
i1 +ur +ud =0, u(0) =0 (4)
We set p(t) =1 in (3) (p* = P implies p = 1). We have to solve
o + ug = 1 ()

A particular solution of (5) is ug = 1 while the solution of the homogeneous

equation is ug = e~!. Hence, the general solution of (5) is ug(t) = Be™t + 1

(B =constant). up(0) = 0 implies that B = —1 and we finally have
up(t) =1—e€"
Equation (4) becomes
1.1,1+U1+(].—67t)2 =0

or

U +up=—1+2t—e 2 (6)
A particular solution of (6) is —1 + 2te~! + e 2!, the general solution is Be~* —
1+ 2te~t + 72! (B =constant). u;(0) = 0 implies that B = 0 and we have

up(t) = =1+ 2te ' +e 2
Finally we get

ut) =1—e ' +e(—1+2te " +e ) +o(e)

and
lim u=1—¢+o(e)

t—o0

(d) If we take into account the effect of the wind, the equation of motion (2)
becomes
i+ u+e(u—0)? =p(t)

then ug and wuy satisfy
o + Ug
u1+u1+(u0—5)2 = 0
A calculation very similar to the case without wind gives us
up = —(1-0)2+06(0—2)%e " +2(1 —dte "+ et
and

lim u=1-—¢(1—4)2

t—o0o

(e) In the case of Florence Griffith-Joyner, we take M = 60kg. We compute §
and e:
0 =0.4 and € = 0.038



The maximal speed with the wind (u!") is
um=1—¢g(1 -0 =u™+¢e6(2-9)
where 4™ is the maximal speed without wind. Hence,

Uy, —u™  26(2—0)

m
um 1—¢

=2.5%

The performance of the sprinter is improved by 2.5%. If we apply the same
ratio to the average performance of the sprinter during the same period (10.7s)
we get

t =10.43s

which gives an approximation of the effect of the wind on the sprinter perfor-
mance. It is fairly close to the actual result of the sprinter.



